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                                                                                  MATHS HACKS
  100 clever ways to help you understand 
and remember the most important theories
RICH COCHRANE
  Contents   
  
  How to Use This Ebook
  Select one of the chapters from the  and you will be taken straight to that chapter. Look  out  for  linked  text  (which  is  in  blue)  throughout  the  ebook  that  you  can  select to  help  you navigate between related sections.
  You can double tap images and tables to increase their size. To return to the original  view, just tap the cross in the top left-hand corner of the screen.
  Introduction Why Maths Hacks?
  There is an ancient story that goes like this: King Ptolemy I of Egypt had engaged the famous geometer Euclid as his private tutor but quickly became frustrated by the difficulty of the subject and how long it was taking to make progress. Surely, he put it to his teacher, there is a quicker way? A shortcut? A hack, perhaps? “There is no royal road to geometry,” Euclid replied firmly.
  It probably didn’t happen quite like that, but the conversation has certainly been had countless times since. Euclid’s answer is broadly right, and it applies not only to mathematics. Many a music student has  complained  about  seemingly  endless  hours running  scales,  and  budding  athletes  have  similar grievances. Learning something hard is hard – if it wasn’t, everyone would do it.
  There may not be a royal shortcut but if you are planning a road trip into mathematics there  are better and worse ways to prepare. One thing you should probably have is a map that points out the features you might want to visit and how to get from one to another.

  That  is  primarily  what  this  book  is:  a  tourist’s  gazetteer  of  mathematics.  The  subject’s size  and scope  can  be  daunting  to  a  visitor,  who  is  liable  to  get  lost,  especially if  they  don’t  have  even  a smattering of the local language. Like all good guidebooks, this doubles as a basic phrasebook, and it presents an opinionated, biased and personal view. If a purely objective picture is possible, which I doubt, you won’t find it here.
  The  map  is  not  the  territory,  and  reading  this  book  will  not  make  you  a  mathematician. It  will, though, give you a sense of what maths is and the kinds of things it studies. Almost certainly these are quite different from your school experience, where you were probably made to do the equivalent of memorizing the lengths of rivers and the names of capital cities: trivial, grinding, book work. Real mathematics  is  more  about the  journey  than  where  you  arrive  (nobody  ever  “arrives”  anyway; everyone is a student, a traveller).
  When you visit a city, it’s nice to know when the cathedral was built and by whom, but only if it’s still standing. It’s also important to know how the metro works and where the good hotels are. So, although it contains some historical material, this book is primarily a guide to today’s field. I have tried to ensure all major strands of contemporary pure mathematics are represented, and to include some of the most important and dramatic results from the last century. This sometimes means covering topics  that  are  intrinsically  “advanced”  and  that  require  more  preparation  than  this book  can reasonably provide. This book cannot really teach you what homological algebra is, for example, but it can tell you it exists, and roughly where it is on the map. These topics are like mountains: you will need more than a guidebook if you intend to climb them. Here you will discover where they are and get a hint of why you might consider a hike one day.
  Parts of the Book We start with “Tricks of the Trade”: ideas and techniques that pervade almost all  of  mathematics.
  Part 2 is on “Numerous Numbers”, the things most lay folk think mathematics is all about. The idea of number  itself  has  been  radically  re-imagined  over  the  last two  centuries.  Mathematics  is  actually about much more than numbers. One plausible claim is that it is “The Science of Structure”, which is the focus of Part 3.
  Parts 4 and 5 pick up on a different but closely related strand: broadly, mathematics as the study of space and time. In “Continuity” we look at the calculus, a family of techniques for studying processes of  change  and  other  continuous  phenomena  that have  undergone  a  vast  generalization  since  their invention by Newton and Leibniz.
  In “Maths in Space” we see how geometry has also evolved into a rich field populated by strange and exotic objects. I have restrained myself from describing things like the Möbius strip, which are discussed in almost every popular mathematics book; here we go quite a bit deeper, visiting topology and Riemannian and algebraic geometries.
  Finally, in “Maths Meets Reality”, I try to do some justice to the areas of mathematics that  have mostly  evolved  in  relation  to  practical  applications,  especially  around statistics,  algorithms, decision-making  and  modelling.  I  look  at  these  from  a  mathematical viewpoint,  though,  not  a scientific one.
  Features
  Each  of  the  100  sections  aims  to  give  you  a  general,  intuitive  sense  of  the  subject. It  presents  the material in different ways in the hope that one of them works for you.  Usually  the Helicopter View provides some context for the idea and perhaps a motivating problem or example. The Shortcut tends to  give  more  specific  details  –  I  rarely  venture  to  give  what  a  mathematician would  call  a “definition”, but the intention is similar. Sometimes, however, the topic at hand seemed to demand a different division of duties between these subsections. The Hack at the end gives you two different, brief ways to remember the idea. They might also jog your memory if you need a quick refresher. It is tough to keep everything straight in your head, especially at first, so this sort of thing can be more helpful than you might expect.

  Two of the most important features of the book are the index and cross-references. Mathematics is an  intricately  interconnected  subject:  no  part  is  really  disjointed from  the  others.  It  is  completely normal when learning about something new to have to scurry back and forth between different topics. The more you learn, the easier it gets, although of course it never gets easy – where would the fun be in that?
  No.1 Axiom, Theorem, Proof The mathematician’s minimalist style
  BCE
  Euclid wrote his mammoth book Elements around 300 . It
1/Helicopter view:
  is a collection of mathematical facts, mostly geometrical, that has become one of the most widely read books of all time. Euclid’s book is remarkable for its format as well as its contents. Almost everything in the book belongs to one of three categories. Today these are usually called axioms, theorems and proofs. They make  clear  what must be assumed from the beginning, what can be proved from those assumptions and which methods are used to obtain those results.
  Euclid’s approach has been copied and adapted by mathematical writers ever since, especially for technical texts. In the 20th century, in particular, a very pared-down version developed that has since become the standard. Some form of the axiom, theorem, proof style is now normal in everything from textbooks to research papers.
  Mathematical  research  often  involves  proving  new  theorems  from  an  existing  set  of axioms; sometimes mathematicians invent whole new sets of axioms, too.
  A mathematical theory is the collection of all the facts you can prove from
2/Shortcut:
  a  given  set  of  starting  assumptions. Axioms  –  also  often  called  “definitions”  –  are  those starting assumptions. They characterize the particular theory you are working in. If you can argue from those axioms to reach a conclusion that wasn’t explicit in them already, that conclusion is called a theorem and the argument used to reach that conclusion is the proof. Inspecting the proof allows anyone to verify that, if the axioms are true, your theorem must be too.
    Much  modern  maths  works  by  adopting  a  set  of  axioms  and  seeing 3/Hack: what theorems can be proved from them – or sometimes inventing new axioms. Assume the axioms to prove the theorems.

  See also //
  
  
  
  No.2 Induction Proof by chain reaction
  2 Suppose  you  want  to  prove  that n &gt; n  for  every natural
1/Helicopter  view:
  number  n  greater  than  1.  Imagine  an  infinitely  long  chain  of  dominoes  waiting  to  be
  knocked over: the first is n = 2, the next is n = 3 and so on. A domino only falls down if we 2 can prove n &gt; n for the value of n it represents. 2 2 Our aim is to knock them all down. We could try to prove that 2 &gt; 2, then that 3 &gt; 3 and so on, knocking them down one by one, but we’d never get finished. Instead we try something cunning.
  First we prove that the first domino falls (prove it for n = 2, in our example). Second we prove that if one domino falls, so does the one next to it. If so then every domino must, eventually fall: this is a
  proof by induction.

  The base case is a version of what we want to prove that applies only to
2/Shortcut:
  2 2
  the smallest number. In this case, it’s the claim that 2 &gt; 2. But 2 = 4, and 4 &gt; 2, so the base case is true. This knocks down the first domino. The induction step says that if the statement is true for any n, it’s true for n + 1. This says that if 2 domino n falls, so does domino n + 1. In this case, a bit of algebra tells us that, indeed, (n + 1) &gt; n 2 +1 whenever n &gt; n. Each domino that falls knocks over the next.
   Induction can prove an infinite number of facts in a finite time if they 3/Hack: can be arranged in an ordered sequence.
  The base case knocks down the first domino; induction says each domino knocks down the one after it.
  See also //
  
  
  
  No.3 Reductio ad Absurdum If it can’t not be, it must be

  Sometimes  it  helps  to  ask  what  would  happen  if  a  thing  we
1/Helicopter view:
  suspect is true (but cannot prove yet) were in fact false. The consequences, when we tease them out, may lead us to a contradiction. In classical logic, every factual statement is either true or false, even if we do not know which yet: it cannot be both or neither. What’s more, if it is true then so are all its implications: the things that must be true if it is.
  Now  suppose  I  have  a  mathematical  statement S I want to prove, but do not know how to do it directly. One way is to pretend for a moment that it is false and look at the implications of that. If I find one that contradicts what we already know, I can conclude that S cannot be false. And since S must be either true or false, I can conclude that it is true.
  Imagine I want to prove that every even natural number is followed by an
2/Shortcut:
  odd  whole  number.  Well,  what  would  happen  if  that  turned  out  to  be  false?  That  would mean there was some even number n such that n + 1 is also even. Now we look at the implications. If n is even, it can be written as 2m for some other number m. Then n + 1 = 2m + 1. But that isn’t even! It leaves a remainder of 1 when divided by 2. So every even number is followed by an odd number after all!
   Every statement is either true or false. If a statement is true so are all 3/Hack: its logical consequences. Contradictions are never true.
  
You can prove something is true by temporarily assuming it’s false and showing that leads
 to a contradiction.  See also //
  

  
  
  
  
  No.4 Limits Closer and closer…
  It’s  not  always  clear  what  it  means  for  a  process  to  go  on forever. For example: suppose I turn a light on and off an infinite number of times. When I’ve finished, is the light on or off? Does the question even make sense?
1/Helicopter view:
  Problems  like  these  besieged  mathematicians  who  were  trying  to  make  sense  of  some of  the weirder implications of calculus around 1800. Some infinite processes were obviously illegitimate, but others seemed to make sense and provide true and useful results.
  Limits provide a way to characterize the end state of certain infinite processes: specifically, those that get closer and closer to some value without necessarily ever arriving. If an infinite process does this, we can say that it is equal to the value that it approaches “in the limit” without actually carrying out an infinite number of steps to get there.
  A  lump  of  uranium-238  loses  about  half  its  radioactivity  every  4,500
2/Shortcut:
  million  years. Imagine  we  can  measure  how  radioactive  it  is  with  a  single,  perhaps fractional, number. Every  time  you  check,  it  will  still  have  some  radioactivity;  since  the  number  just keeps  being divided in half it can never quite make it to zero. But it gets as close as you like to zero if you wait long enough, so we call zero the limit of the process.

    Infinite  processes  sometimes  gravitate  ever  closer  to  some  state 3/Hack: without ever getting there: the limit is that state. A process gets closer and closer to its limit, if it has one.
  See also //
53 The Fundamental Theorem of Calculus
  No.5 Logic 
The laws of thought
  Aristotle made some of the earliest studies in the proper ways
1/Helicopter view:
  to  draw  conclusions from  available  information.  Crucially,  he  turned  our  attention  away from  the  content of an argument towards its form. For centuries, Aristotle’s analysis was the academic gold standard in both the Christian and Islamic worlds.
  Most early discussions of logic focussed on ordinary language, since that’s what most arguments are  made  of,  although  symbols  were  often  used  to  simplify  things.  In  the 19th  century,  though, logicians began to look at logic from a purely symbolic standpoint.
  Logic  is  part  of  the  foundation  of  mathematics  because  of  the  importance  of  proofs. Once formalized,  though,  it  also  became  an  object  of  mathematical  research  that  was studied  in  its  own right.  Another  surprise:  this  seemingly  abstract,  purely  theoretical subject  found  a  very  important practical application: the invention of the computer.
  An argument begins with some information, often called assumptions or
2/Shortcut:
  axioms, and draws conclusions from them using proofs. If the argument is good, it shouldn’t

  lead us from true assumptions to false conclusions. (If our assumptions are false, though, all bets are off.) If the logical form of an argument is correct, it is valid. A valid argument should never lead us from truth  to  falsehood.  Once  you  have  a  good method  for  turning  arguments  into  symbols,  testing  their validity is a purely mechanical process.
3/Hack: Logic studies how to make good mathematical arguments, but it can be
  Truth depends on content; validity is only about form.
  See also //
  
  
  
  No.6 Gödel’s Incompleteness Theorems Knowing what we cannot prove
  A formal theory can be expressed purely in symbolic logic. Its
1/Helicopter view:
  axioms  are  known,  and  every  theorem  has  a  logically  valid  proof.  These  proofs  can  be checked mechanically (even by a computer), eliminating mistakes and ambiguities. disproof. If it can do both, we say the theory is not consistent: it proves contradictory things and is not mathematically interesting. If it can do neither, the theory is incomplete, which makes it too weak to answer all the questions we expect it to.
  In the early 20th century many mathematicians and philosophers hoped that all of mathematics could be reduced to consistent and complete formal theories. Gödel’s two Incompleteness Theorems dashed those  hopes,  proving  that  consistent,  interesting  mathematical  theories are  often  doomed  to  be incomplete.

  Gödel’s  First  Theorem  says  that  there  are  statements  about  the  natural
2/Shortcut: numbers that are true, but that are unprovable within the system.
  Gödel’s Second Theorem says that such a theory can never prove its own consistency. One way to prove a theory is inconsistent is to find a proof within the theory of its own consistency!
  Note that the proofs depend on arithmetic structures and do not, contrary to popular belief, apply to other fields of human knowledge.
   Any  consistent  formal  theory  capable  of  expressing  basic  arithmetic 3/Hack: can  make  statements it  cannot  prove  or  disprove,  and  cannot  prove  its consistency. Strong theories can state more than they can prove.
  See also //
  
  
  
  
  No.7 Set Theory Simple building blocks

  Some time around 1874, mathematician Georg Cantor began to
1/Helicopter view: use the simple notion of collections of objects as the basis of his investigation of infinity.
  The  objects  in  these  collections  were  not  usually  specified:  in  a  sense  they  could be anything at all. Such a simple concept allowed questions about numbers to be asked very abstractly, without what we already know about actual numbers getting in the way.
  Ten  years  later  Gottlob  Frege  attempted  to  use sets  –  as  the  collections  were  called  –  as  a foundation for all of mathematics, but Bertrand Russell discovered a contradiction in his work. This resulted from ambiguities in the intuitive ideas that Cantor and Frege had been working with.
  In  the  early  20th  century  these  ideas  were  formalized.  Ernst  Zermelo  and  Abraham  Fraenkel devised what is now the best-known rigorous version of set theory. This now serves as an almost universal tool in mathematics, providing ways to explicitly make complex objects from simple parts.
  Given two sets A and B, we can get new sets in several ways. Their union
2/Shortcut:
  is  the  set  containing  everything  in A  or  in B  or  in  both.  Their intersection  is  the  set containing  only  those elements  that  are  in  both A  and B.  The  set A  minus B  contains everything in A that is not in B.
  Set theory is like a set of building blocks that can be put together in ingenious combinations. Many mathematical ideas can be modelled with sets, making them easier to describe and investigate.
   Sets can act as a rigorous but conceptually simple “construction kit” 3/Hack: for complicated concepts. Set theory is the Swiss army knife of higher mathematics.
  See also //
  

  
  
  
  No.8 Products Multiply more things
  A  chessboard  has  eight  rows,  each  containing  eight  squares,
1/Helicopter view:
  one from each column. That means there are 8 × 8 = 64 squares in total. Each square can be identified by a unique pairing of a row with a column, and squares are what the chessboard is made of. In a sense, the chessboard is the product of its rows and columns.
  Once set theory came into regular use, it became apparent that this same pattern is repeated in many other mathematical objects. For example, the two-dimensional (2D) space of school geometry can be thought of as the product of a line with another line; and the 3D space we live in is just that 2D space “multiplied by” the same line again.
  Such  products  generalize  the  operation  of  multiplying  from  elementary  arithmetic, making  it possible to multiply almost any mathematical objects you can think of.
  The product of two sets, A and B, is a new set A × B. Every element of this
2/Shortcut:
  set  is  an  ordered  pair  of  elements,  one  from A  and  one  from B.  So  if A  is  the  set  of  all starters at a restaurant and B the set of all main courses, A × B contains all the possible two- course meals you can order.
  When the two sets share some additional structure their product can often be made to inherit it in a natural way, leading to products of groups, fields, vector spaces and so on.
   Multiplication is for more than just numbers: the idea of a product can 3/Hack: be generalized to any two sets.
  A x B contains all the ways to put an element of A together with an element of B.
  See also //
  
  
  
  No.9 Maps Only connect
  Sets become really powerful when we join them together. This
1/Helicopter view:
  is done using maps. Start with two sets, A and B: then a map from A to B takes each element of A and associates an element of B with it. You can represent a map in a diagram with the elements of A clustered on one side, and those of B on the other, drawing an arrow from each element of A to some element of B. The set the arrows come from is called the domain of the map, and the set the arrows go to is the codomain. The  rules  are  that  every  element  of  the  domain  must  point  to  something  in  the  codomain and  no element  can  point  to  more  than  one  thing.  For  the  codomain,  however,  there are  no  rules:  it  is acceptable to have multiple arrows pointing at one element and none at all pointing at another.
  Here  is  an  everyday  example:  suppose A  is  the  set  of  people  at  a
2/Shortcut:
  restaurant table and B is the set of meals on the menu. When the diners give their order, they describe a map from A to B. The two rules then mean that every diner must order something, and nobody is allowed to  order two meals. If either of these is broken, we do not have a valid map. On the other hand, we do not require that everyone orders different dishes, or that someone orders every dish!  A map sends each of elements of one set to an element of another.
3/Hack: Every element of the domain fires one arrow into the codomain.
  See also //
  
  
  No.10 Equivalence Divide and conquer
  Equivalence is the grown-up version of equality. It provides a
1/Helicopter view: way of “zooming out” from objects that contain more detail than we care about.
  For example, suppose you have a set of shapes made of straight lines. You might decide to group them according to how many sides they have: the triangles, quadrilaterals, pentagons and so on. For the purposes of the grouping we say two shapes are equivalent if they have the same number of  sides.  If S  and T  are  shapes,  we  might  write S  ≈ T  if S  and T  have  the  same  number  of  sides, although they might be very different in other ways.
  This partitions  the  original  set  into  subsets  that  represent  a  sort  of  classification:  the  set  of triangles, the set of quadrilaterals and so on. Every shape in the original set is in one of these subsets, and no shape is in more than one. We call these subsets equivalence classes.
  A binary relation  “≈”  on  a  set S  is  defined  as  follows:  if a  and b  are
2/Shortcut:
  elements of S, then a ≈ b is either true or false. For example, on the set of counting numbers we have the binary relation “&lt;”; you already know that 3 &lt; 5 is true and 16 &lt; 2 is false. An equivalence relation is a binary relation defined by three extra axioms. First, a ≈ a is always true. Second, if a ≈ b is true, b ≈ a must be too. Finally, if a ≈ b and b ≈ c are true, a ≈ c must also be true. Note that “&lt;” is not an equivalence relation!  Every equivalence relation partitions a set into equivalence classes.
3/Hack: Equivalent elements stick together.
  

  
  
  No.11 Inverses Things come undone
  A map  between  sets  can  be  thought  of  as  an  action  or
1/Helicopter  view:
  transformation.  Think  of  travelling along the arrows from one side of the diagram to the other. The question is: can we use another map to get back again? If we can, the map has an
  inverse, and inverses are of central importance in mathematics.
  Many mathematical operations can – at least sometimes – be reversed. Subtraction undoes addition, division undoes multiplication and so on. This theme continues in more abstract mathematics too. We undo a map by turning the arrows around: this swaps the roles of domain and codomain. But we can only do this under certain circumstances. A map from diners to menu items might have no inverse because two people ordered the same dish, or because nobody ordered one of the dishes. Either way, turning the arrows around does not give us a valid map, so there is no inverse.
  If I is a map from set A to set B, its inverse is a map from B to A. It’s just
2/Shortcut: like I but the arrows point the opposite way.
  It  only  exists  if I points a single arrow at each element in B, no more and no less. The technical term for this type of map is a bijection.
   If the codomain has exactly one arrow pointing at every element, the 3/Hack: map can be inverted or “undone”. Turning the arrows around undoes the map.
  
  
  
  

  No.12 The Schröder–Bernstein Theorem Establishing equality
  Counting is surprisingly hard in mathematics, especially when
1/Helicopter view:
  infinite numbers are involved. Set theory made it possible for the first time to prove things about  infinite  sets  in  a  rigorous way.  The Schröder–Bernstein  Theorem  is  an  extremely useful example.
  Imagine a classroom with a number of chairs and some students. If each chair has a student sitting in it, we can conclude there are at least as many students as chairs (there might be more, as some students might be standing up). If every student has a chair, on the other hand, we conclude there are at least as many chairs as there are students (there might be some unused chairs).
  Now imagine both of these are true. Then it must be that the numbers of chairs and students  are exactly the same. This seems obvious, but it becomes more powerful if we extend it to infinite sets (such  as  some  sets  of  numbers).  This  generalization is  what  the  Schröder–Bernstein  Theorem achieves.
  Many proofs use Schröder–Bernstein to show that two sets – let us call
2/Shortcut: them A  and B – have the same number of elements. They work by constructing two maps.
  One goes A → B so that no element of B has more than one arrow pointing at it. The other goes B → A with at most one arrow pointing at each element of A. If such maps exist, we get an immediate proof that A  and B have the same number of elements – even if they are infinite!
   If A is at least as big as B and B is at least as big as A, they must be 3/Hack: the same size. A pair of maps can be used to compare the sizes of two sets.
  See also //
  
  
  
  
  No.13 Categories Generalized nonsense Mathematics often proceeds by abstraction and generalization. 1/Helicopter view:
  It  can  be  remarkably fruitful simply to notice  a  pattern  you  have  seen  in  several  places, separate  it  from those  specific  contexts  and  then  look  for  other  places  where  the  same pattern occurs. This generalized understanding can then be applied to wildly different problems.
  Category theory has at its heart the idea that mathematics, and how mathematicians think about it,
  is  a  patterned  activity.  In  particular,  it  aims  to  understand  the  patterns  of  thought that  lie  behind apparent flashes of genius or insight that lead to breakthroughs. One of its goals is to help you – a mere mortal, presumably – to spot the same patterns that a great mathematician might.
  In its early days, category theory was derided as “abstract, generalized nonsense” or “comic book mathematics”, a reference to its preference for diagrams over symbolic or verbal arguments. But its success in solving real problems has since silenced such criticisms.
  A category consists of two things: a collection of objects and a collection
2/Shortcut:
  of mappings between them, called morphisms, governed by a few simple rules. The objects might be sets, or they might not; similarly, the morphisms might or might not be maps. The real power of the approach comes from functors: ways of associating one category’s objects and  morphisms  with  those  of  another. They  can  help  transfer  knowledge  from  one  field  of mathematics to another, yielding rapid and powerful new results.
   Mathematical objects often exhibit repeating patterns, even if they do 3/Hack: 
not look alike; category theory tries to capture and analyze these patterns.
 Studying “the mathematics of mathematics” has surprisingly practical results.  See also //
  
  
  
  
  
  No.14 Natural Numbers They’re what counts
  Every child learns to count with the ordinary natural numbers
1/Helicopter view:
  (or  whole  numbers).  These  start  1,  2,  3,  4  and  can  go  as  high  as  we  like  by  repeatedly adding 1 (whether 0 is included is a matter of convention). They are an infinite set: there is no greatest natural number. This, perhaps, is a first clue to their hidden depths.
  The natural numbers are the oldest and least exotic of mathematical objects, but they can still raise difficult questions. Number theory is the branch of mathematics that studies them; it is one of the few in which there are longstanding unsolved problems that can be stated and understood without much technical apparatus.
  The natural numbers can be easily added and multiplied, and the result is always another natural number; they are not so good for subtraction and division because the end result may not be a natural number. They can be described by formal axioms such as those devised by Giuseppe Peano (1889). Because of its apparent simplicity, the arithmetic of natural numbers is often used as a logical test case.
  The  fundamental  principle  in  the  theory  of  the natural  numbers  is
2/Shortcut:
  induction, which gives us the apparently miraculous ability to ascend through their infinite number by a single step.
  It works so well because of a principle every child learns: you get from one number to the next by the same process every time, the simple act of adding 1. In Peano’s axioms we call this the successor
  operation, and write things like S(3) = 4 instead of 3 + 1 = 4.
   We can add and multiply, not always subtract or divide; but induction 3/Hack: makes the natural numbers especially powerful and interesting. The act of adding 1 is deeper than you may have previously thought.
  See also //
  
  
  
  
  
  No.15 The Collatz Conjecture Easy to state, hard to prove
  Here is a game invented by Lothar Collatz at some point in the
1/Helicopter view:
  mid-20th  century. Pick  any natural number. If the number is 1, the game is over. If it is even, halve it. Otherwise, multiply it by 3 and add 1. Now take the resulting number and repeat.
  Start with 17. This is not even, so triple it and add 1, which gives 52. That is even, so halve it to get 26, halve again to get 13. Again, not even, so triple and add 1: we get 40. Halve it to get 20; halve again to get 10, halve again to get 5. Now triple and add 1 to get 16. Now halve it to get 8, halve again to get 4, halve again to get 2 and again to get 1. The game is now over. The whole sequence was 17 → 52 → 26 → 13 → 40 → 20 → 10 → 5 → 16 → 8 → 4 → 2 → 1. Try it yourself with any number you choose.
  Here is the puzzle: does the game end after a finite number of steps regardless of which number we start with?
  Collatz’s game is iterative: that is, it does something to a number and then feeds  the  result  back  into  itself again  and  again  until  it  is  whittled  down  to  1.  Iterative processes  have  great  importance in  technology,  especially  in  computing.  But  Collatz’s process has no known practical implications. What makes it famous is that nobody has a clue how to solve it. Paul Erdős famously declared it
2/Shortcut:
  “absolutely  hopeless”.  It  is  even  possible  that  it  is  unsolvable  because of  Gödel’s  First Incompleteness Theorem – but we don’t know.
    Some  iterative  processes,  though  defined  by  simple  rules,  have
3/Hack:
  extremely complex behaviour that is difficult to understand. Halve it if it’s even, triple and add 1 if it’s odd, stop on 1: do we always get to 1? See also //
  
  
  
  
  No.16 Hilbert’s Hotel The part is equal to the whole
  In 1924 David Hilbert told the following story. Suppose there
1/Helicopter view:
  is a hotel with an infinite number of rooms. Like most hotels, each room is identified by a natural number, but in this case every natural number is the number of some room or other. Further suppose that, just now, every room is occupied.
  We’d like to fit an extra guest in. How can we do it when every room is occupied? It’s quite easy: ask everyone to move to the room next door, whose number is 1 greater than theirs. Everyone can do this, since every number has a successor. This leaves Room 1 empty for the new guest.
  But we can do more. Imagine we now ask everyone to move to the room whose number is double their own. Note, again, that everyone can do this: for every number n, 2 × n is also a number. Now only  the  even-numbered  rooms  are  occupied,  leaving  an  infinite number  of  odd-numbered  rooms vacant!
  Hilbert’s Hotel   exhibits  a  property  that  only  infinite  sets  can  exhibit:  a
2/Shortcut:
  part  can  seem  to  be  the same  size  as  the  whole  thing.  The  size  of  a  set  of  called  its 
cardinality, and infinite cardinalities are one of set theory’s most central topics.
 Their behaviour is so strange that, at least before Cantor, most people believed the infinite was an intrinsically  paradoxical  idea  that  had  no  place  in  mathematics.  Philosophical worries  linger,  but most mathematicians are now comfortable residents of Hilbert’s Hotel.    When  we  consider  the  natural  numbers  altogether  as  a  whole,  their 3/Hack: infinite cardinality has surprising effects. An infinite set’s parts can be the same size as the whole thing.
  See also //
  
  
  
  No.17 Prime Numbers The atoms of number theory
  Many natural numbers can be made by multiplying others: for
1/Helicopter view:
  example,  6  is  2  ×  3.  The  process  of  breaking a  number  down  like  this  is  called factorization, and at some point it comes to a halt. For example, 20 is 5 × 4 and 4 is 2 × 2, but we cannot break down 5 or 2 any further. We have broken the number 20 down to its smallest parts: 20 is 5 × 2 × 2. These smallest parts are called
  
prime  numbers,  and  we  can  think  of  them  as  the  building  blocks  or  atoms  of  the  natural  number
 system.  We call 5 × 2 × 2 the prime factorization of 20. There is only one possible prime factorization for
  BCE
  each  number,  as  Euclid knew  back  in c.  300 .  This  fact  is  so  important  it  is  often  called  the Fundamental  Theorem  of  Arithmetic. The  prime  factorization  is  like  the  fingerprint  or  chemical formula of a natural number.
  Prime numbers have surprisingly complicated properties; some of the most basic-sounding puzzles about them remain unsolved.
  The prime numbers  start  off  as  follows:  2,  3,  5,  7,  11,  13,  17,  19  and
2/Shortcut:
  never run out. However, between 1 and 100 there are 25 primes, but between 101 and 200 there are only 21, and they gradually thin out the higher up we go. This prompts us to look for a pattern in the distribution of primes within the natural numbers, but despite a great deal of research we still do not have a complete picture. The simplest elements of the simplest numbers still hold many mysteries.
   Primes are different from the other natural numbers, and can be seen 3/Hack: as the system’s basic building blocks.
  
A prime number has no whole numbers that divide into it (except itself and 1, which do not
 count).  See also //
  
  
  
  No.18 The Twin Prime Conjecture Neighbourly numbers
  The numbers 3 and 5 are prime, and are as close together as
1/Helicopter view:
  two primes greater than 2 can be: they are consecutive odd numbers. This is also true of 5 and 7, and of 11 and 13, and of 17 and 19. It seems such pairings are, in fact, common: they are called twin primes.
  Because primes get rarer as we look at larger and larger numbers, we might be led to think that at some point we just stop getting any more twin primes. The Twin Prime Conjecture says this will not happen: we can find twin primes as large as we like.
  At the time of writing, we don’t know whether the Twin Prime Conjecture is true or false, but an international, collaborative project appears to be making good progress. It’s possible that it has been resolved one way or the other by the time you read this.
  The  way  the primes  are  distributed  among  all  the natural  numbers
2/Shortcut: remains quite mysterious.
  Some very large twin primes have been found by computer: in September 2016, a pair was found that, written in decimal notation, would each fill a fat paperback book. Nevertheless, this is a drop in the ocean of the infinite natural numbers: to prove the conjecture for all numbers, we must deepen our understanding of primes themselves.
   A pair of twin primes is as close as primes can get: the conjecture says 3/Hack: they never run out. If N is prime and so is N + 2, they’re twins.
  See also //
  
  
  
  No.19 The Goldbach Conjecture Adding primes
  Christian  Goldbach  wrote  to  Leonhard  Euler  in  1742  with  a
1/Helicopter view:
  proposition  that  amounts to  this:  every  even natural  number  greater  than  2  can  be expressed as the sum of two primes. For example, we can write 10 as 5 + 5 or 22 as 3 +
  19. What makes this awkward to prove is that primes are about multiplication whereas this is  about addition.  If  it  is  true,  the  proof  has  stayed  hidden  for  more  than  250  years despite  great  efforts  at finding it.
  It has even been suggested it might be true, but only by chance. The bigger the number you pick, the more ways there are to represent it as sums of two smaller numbers. You have more primes to choose from, too. These advantages both just keep on growing as the number grows. If, indeed, there is no reason why it is true it might turn out to be impossible to prove.
  Goldbach  suggests  another  way  –  besides  factorization  –  to  break  up  a
2/Shortcut:
  natural  number  into primes.  A  prime  factorization  always  exists  and  is  unique,  which
  means  we  can  always  do it  and  everyone  who  does  gets  the  same  result.  Existence  and uniqueness are two properties that are very nice for a mathematical procedure to have. Unlike prime factorization, decomposing an even number into the sum of two primes is not always unique. Take an even number N; are there two primes P and Q so that N = P + Q? That’s what we still do not know, at least at the time of writing.
   Prime numbers may be the atoms of number theory, but there are still 3/Hack: basic gaps in our understanding of how they combine. Give me any number N; can I find two primes P and Q so that N = P + Q? See also //
  
  
  
  No.20 Negative Numbers Less than zero
  Suppose I have three apples and you try to take away five of
1/Helicopter view:
  them; most of us will agree this is impossible. Even today, when a young child is asked for the solution to 3 – 5, they may tell you it “cannot be done”. They are absolutely right: this problem has no natural number solution.
  To reply that 3 – 5 = –2, one needs to accept that numbers no longer represent quantities of objects. They  have  become  more  abstract  and  can  represent,  for  example,  credits and  debits  in  finance  or temperatures measured on an arbitrary scale.
  The  integers  are  what  you  get  if  you  extend  the  natural  numbers  to  include  negative (whole) numbers  and  zero.  They  are  a  much  more  recent  invention  than  the  natural  numbers, and  less universal. Although they were used in India and China in antiquity, in the West the idea of a negative number was treated with suspicion as late as the time of Newton in the early 1700s.
  Integers arise from the need to subtract a larger number from a smaller one
2/Shortcut:
  and  obtain a definite answer. Apart from 0, every integer has a size and an orientation – positive or negative, often called the number’s sign. Adding 0 to any number leaves it unchanged, and given any integer we can add the same integer with the opposite sign and get back to 0. These nice structural properties technically make the integers a special kind of set called a group under the operation of addition.
    Negative  numbers  are  natural  numbers  with  an  orientation,  either 3/Hack: 
positive or negative, along with 0, allowing us to do subtraction consistently.
 Multiplying by –1 reverses a number’s sign without changing its size.  See also //
  
  
  
  
  No.21 Rational Numbers Fractional improvements
  The natural numbers are great for dealing with some things,
1/Helicopter view:
  especially  addition  and  multiplication.  If I  want  to  divide  15  children  into  two  equal groups, it makes sense to say this cannot be done: 15 ÷ 2 has no natural number solution. But  can’t  I  share  15  cakes  between two  people?  I  can  give  them  7  cakes  each,  leaving  one  over, which I can then cut in half. In such situations we need rational numbers.
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